DESCRIPTION OF ALL COMPLEX 
GEODESICS IN THE SYMMETRIZED BIDISC 

Peter Pflug & Wlodzimierz Zwonek 



Abstract. In the paper we find effective formulas for the complex geodesies in the 
symmetrized bidisc. 



1. Introduction. In the paper we deal with the problems arising while the study 
of the so-called symmetrized bidisc. The study of this domain was initiated by J. 
Agler, F. B. Yeh and N. J. Young (see e.g. [Agl-You 1], [Agl-Yeh-You] ) . Their 
interest came from the spectral theory. However, they found out that some of the 
results obtained for the symmetrized bidisc are interesting from the viewpoint of the 
geometric function theory, especially from the theory of holomorphically invariant 
functions. In particular, the symmetrized bidisc is an example of a bounded pseu- 
doconvex domain, which is not biholomorphic to any convex domain and on which 
the Lempert function and the Caratheodory distance coincide (see [Agl-You 2], 
[Cos 2]). Therefore, it is the first example showing that the Lempert theorem (i.e. 
the coincidence of all holomorphically invariant functions) may extend non-trivially 
onto a larger class of domains than that of convex domains. Note that even more 
is known, namely, the symmetrized bidisc is not the exhaustion of domains biholo- 
morphic to convex domains - see [Edi 2]. 

As a consequence of the above mentioned equality a natural notion of a complex 
geodesic arise (see e.g. [Jar-Pfl], the definition follows). The main aim of the pa- 
per is to give a description of all complex geodesies of the symmetrized bidisc (see 
Theorem 2). As a corollary we get an interesting phenomenon of the symmetrized 
bidisc; namely, the complex geodesies in the symmetrized bidisc extend holomor- 
phically through the boundary and, unlike in all known cases, their boundaries lie 
in a very thin part of the boundary of the symmetrized bidisc (see Corollary 3). 

Let us note that the description of complex geodesies together with the proof of 
their uniqueness was announced in [Agl-You 2]. 

2. Basic notions and definitions in the theory of holomorphically invari- 
ant functions. Let us start with basic definitions of the holomorphically invariant 
functions. For more references on this theory we refer the interested reader to con- 
sult [Jar-Pfl] and [Kob]. 
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Let D denote the unit disk in C and let p denote the Poincare distance on D. 
For a domain DcC™ and for points w, z £ D we define 

c D (w,z) := sup{p(f(w),f(z)) : / e 0(D,U))}; 
k D (w,z) := inf{p(Ai,A 2 ) : there is / £ 0(D,D) with /(Ai) = tu, /(A 2 ) = z}; 
ko ■— the largest pseudodistance not larger than ko- 

We call Cd (respectively, kjj) the Caratheodory (respectively, Kobayashi) pseu- 
dodistance. hp is called the Lempert function. The following simple inequalities are 
crucial: 

cd <k D < k D . 

The important theorem of Lempert states that if D is biholomorphically equiva- 
lent to a convex domain then the inequalities above become equalities (see [Lem]), 
i.e., 

for any domain D biholomorphic to a convex domain we have cd = ko- 

A mapping p £ C(D, D) is called a k^-geodesic for (w, z), w ^ z, if p(X±) = w, 
y(A 2 ) = z and p(Ai,A 2 ) = ko{w, z) for some Ai,A 2 G D. In other words, ko- 
geodesics are those mappings for which the infimum in the definition of ko is 
attained. 

If D is a taut domain (the domain D is taut if for any sequence {(fi u )^Li C 
0{p>, D) there is a subsequence converging locally uniformly on D to ip £ C(D, D) 
or there is a subsequence {<p Vk )kLi such that for any compact L C D and for any 
compact K C D there is a fco G N such that for any k £ N, fc > k (p Uk (K) fl 
L = 0) then for any w 7^ z, w,z £ D there is a feu-geodesic for (w,z). It is 
simple to conclude from the Schwarz-Pick lemma that if <p £ C(D, D), w,z £ D, 
w ^ z, (fi(Xi) = w, (y9(A 2 ) = z and p(A5,A 2 ) = c D (w,z) for some A?,A 2 G ID, 
then c D ((p(X 1 ),Lp(X 2 )) = k D ((p(\i),(p(\ 2 )) = p(\i,X 2 ) for any A X ,A 2 G D. This 
observation leads us to the following definition. A mapping ip £ 0(H, D) is called 
a complex geodesic (in D) if 

c D (p(X 1 ),p(X 2 )) =p(Ai,A 2 ), 

for any Ai, X 2 £ ©. Certainly, if ip is a complex geodesic then cd(<^(Ai), <^(A 2 )) = 
k D (p{X 1 ),p(X 2 )), Ai,A 2 G D. 

The problem of finding explicit formulas for complex geodesies (or fc^-geodesics) 
is, in general, very difficult. One of very few non-trivial examples for which the 
formulas for complex geodesies are known completely are convex complex ellipsoids 
(sec [Jar-Pfl-Zei]) or more generally convex generalized pseudoellipsoids (see [Zwo]). 
Another example of a convex domain, where the complex geodesies are known is 
the so-called minimal ball (see [Pfl-Yous]). Without the assumption of convexity 
only necessary forms of fc_D-geodesics are known (see [Edi 1] also [Pfl-Zwo]). 
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3. Basic properties of the symmetrized bidisc and statement of re- 
sults. Now let us start the study of the symmetrized bidisc. Define 



7T : LD 3 (Ai, A 2 ) h-> (Ai + A 2 , AiA 2 ) G C 2 . 



Put G 2 := 7r(D 2 ). It is easy to see that G 2 is a domain. We call the domain G 2 
the symmetrized bidisc. It is easy to calculate that 



(1) G 2 = { (s,p) e C 2 : max. 



s ± s 2 — Ap 



< 1 



It follows from this description that G 2 is a bounded hyperconvex domain in C 2 
(we recall that the bounded domain D C C" is hyperconvex if there is a continuous 
plurisubharmonic function u : D (— oo,0) such that limrj3 Z ^dD u(z) = 0). In 
particular, G 2 is taut, so for any pair of points w, z G D, w =/= z there is a kc 2 - 
geodesic for (w, z). Let us recall that there is a number of other possible descriptions 
of the symmetrized bidisc (see e.g. [Agl-You 1], [Agl-You 2] and [Agl- Yeh-You] ) . 
Nevertheless, since we make use only of the above mentioned descriptions, therefore 
we do not recall them here. 

Note that tt : D 2 ^ G 2 is a proper holomorphic mapping with multiplicity 2 
and 7r : D 2 \ A G 2 \ S is a holomorphic covering, A :~ {(A, A) : A G D}, 
S := {(2A, A 2 ) : A G ID}. 

Our first aim is a description of k^ -geodesies for the points ((0, 0), (so>f?o)) 
with (so,po) 7^ (0,0). The result below may be treated as the generalization of 
the 'Schwarz Lemma' for the symmetrized bidisc as formulated in [Agl-You 1] (we 
give an alternative description of geodesies and the uniqueness of the solution of 
the extremal problem - i.e. the uniqueness of geodesies passing through (0,0)). 
Moreover, the description of the kc 2 -geodesies seems to us to be simpler and more 
natural than that in [Agl-You 1] . 

Theorem 1. Let ip : ID G 2 be a holomorphic mapping such that ip{0) = (0,0), 
<f (a 2 ) = (sq,Po) 7^ (0, 0) for some a G D. Then the following are equivalent: 



(2) Lp is a k G2 -geodesic for ((0,0), (s ,p )); 

(3) there is a Blaschke product of degree less than or equal to two 
with B(0) = and <p(\) = (B{V\) + B(- VA), B(VX)B(-V\)), A E D. 

Moreover, any mapping satisfying (2) (or (3)) is a complex geodesic. 

Additionally, the kc^-geodesics for ((0, 0), (so>f?o)) are unique (up to automor- 
phisms ofO). 

Remark. It is easy to see that the function ip defined in (3) is a holomorphic 
function on LD, ip(0) — (0, 0) and its image lies in G 2 . Moreover, we may write down 
explicitly all the possible forms of <p satisfying (3). Namely, if B(\) = tA, A G ID, 
|r| = 1 then 



(4) 



<p(X) = (0,-r 2 A), A G ID. 
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If B(X) 



rA T=ix> A e B, t e 5B, a e B then 



(5) 



<pW = 



2rX{l-\a\ 2 ) 
1 -a 2 A 




A — a 2 
l-a 2 A 



) 



AeD. 



As already mentioned, the Lempert function and the Caratheodory distance of 
the symmetrized bidisc coincide (see [Agl-You 2], [Cos 2]), i.e. 



This, together with the fact that G 2 is not biholomorphic to any convex domain 
(see [Cos 1]), makes the domain interesting from the viewpoint of the theory of 
holomorphically invariant functions. In the theorem below we shall make use of the 
above mentioned equality to give a description of all kc 2 -geodesies (or equivalently, 
complex geodesies) in G 2 . 

Before we formulate the result let us recall how we can define automorphisms of 
G 2 , which map (0,0) onto an arbitrary point of 5* (see [Agl-You 1]). Namely for 
the fixed a € D we define the automorphism of G2 (mapping (0,0) onto (2a, a 2 ) 
as follows. Let b a (X) := j^t, A € D. Assume that (s,p) = ir(Xi,X 2 ) = 7r(A2,Ai), 
where (Ai, A 2 ) € D 2 . Define the automorphism B a of G2 as follows: 



Therefore, in view of Theorem 1, the whole problem with the description of 
complex geodesies reduces to the characterization of geodesies omitting the set S 
(i.e. such that 95(D) n S = 0). 

The description of geodesies follows. 

Theorem 2. Let p : D G 2 . Then p is a complex geodesic if and only if one of 
two possibilities holds 

(i) if 95(10) n S ^ 0, then ip = ipob a , where a e D, 



and B is a Blaschke product of degree one or two; 
(ii) if ip{B) n S = 0, then ip = it o /, where f = (f u f 2 ), f u f 2 € AutD and fx - f 2 
has no root in D. 

As an immediate corollary of Theorem 2 we get the following interesting property 
of complex geodesies of the symmetrized bidisc. 

Corollary 3. Let tp : D G2 be a complex geodesic. Then ip extends holomorphi- 
cally onto a neighborhood o/D and (p(dl$) C 7r(<9ID> x <9B). 

As a corollary of Theorem 1 (uniqueness), Theorem 2 and the existence of auto- 
morphisms B a we get the following. 

Corollary 4. Let (p : D G 2 be a complex geodesic. Then one of the three 
possibilities occurs: 



CG 2 = k G 2 - 



B a (s,p) := n(b a (X 1 ),b a (X 2 )). 



<p(x) = tt(b(Vx),b(-Vx)), ago, 



(i) <p(B) n S = 0; 

(ii) #(p(]D>) n S) = 1; 

(iii) 95(B) = s. 
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Moreover, each of the possibilities (i)-(iii) is satisfied by some complex geodesic. 

In the proofs of Theorems 1 and 2 essential role will be played by special rational 
functions among which we shall choose candidates for the extremals in the definition 
of the Caratheodory distance. Namely put 



(6) F (s,p)=p, MeG a , 

(7) F u (s,p) := 2 l ~ CVS , {s,p) g G 2 , where w g 0D. 

2 — cjs 

One may verify that FJG 2 ) C B, uj € <9B U {0} (sec [Agl You]). 
Now we go on to proofs of Theorems 1 and 2. 

4. Proof of Theorem 1. 

Proof of Theorem 1. First we show that any function ip defined in (3) is a complex 
geodesic. In particular, it will show the implication ((3) =^> (2)). 
Let us fix ip as in (3). It is sufficient to find 

F g 0(G 2 , D) such that F o ip = r, 

where r is some rotation. 

In fact, we shall show that the function F may be chosen as the one as in (6) or 
(7). 

Let us consider the case when B(X) = tA, A g D, where r g <9B. Then ip(X) = 
(0, — t 2 A), A € D, and then F(s,p) := p, (s,p) g D, satisfies the desired property. 

Therefore, we arc left with the case B(X) := rA^j, X g ©, where re» and 
a g D. In this case the function F will be as in (7). 

First we consider the case a = 0, i.e. </?(A) = (2rA, r 2 A 2 ), A g D. It is sufficient 
to take lo — 1. So assume that a^O. Recall that then 

/2rA(l- |«| 2 ) 2 , A-a 2 \ , 

Note that in view of the Schwarz Lemma it is sufficient to choose lo so that 
\F((p(a 2 ))\ — \a\ 2 (because F(p(0)) = and a 2 ^= 0). Let us calculate (substi- 
tute in the last equality uj := ^§i-r) 



2t<t 2 

\F(p(a 2 ))\ = \F(—-^,0)\ = 



2 


a\ 2 


(l + l«l 2 ) 


1 ,-. 2r Q 2 
l+|a| 2 



lal 2 . 



This completes the proof of the fact that any function ip defined by (3) is a complex 
geodesic. 



Now we show the following: 

for any (so,Po) S D, (s ,po) ^ (0, 0) there is a mapping <p as defined in (3) such 
that p goes through (s ,Po)- 
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Let (s ,po) = ir(ti,t2)- Obviously (ti,t 2 ) ^ (0,0). It is sufficient to show that 
there is a finite Blaschke product of degree one or two and a e D \ {0} such that 
B(0) = 0, B(a) = h, and B(-a) = t 2 . 

In the case t 2 = —t\ it is sufficient to take B = id, u = t\. So assume that 
t 2 7^ —t\. It is suffices to find r e 9D, a e (0, 1), and a e D such that 

fj — ct ti — <t — a t 2 
1 — dcr o 1 + acr — cr 

Now comparing the values p(a, —a) and p(— , -^-) as a e (max{|ti|, |t2|}, 1) and 
making use of the Darboux property we get the existence of a cr G (max{|ii|, \t 2 \}, 1) 
such that p(a,~cr) = p{^-, z^)- This easily implies the existence of r and a as 
desired. 

Now we prove the implication ((2) => (3)) under the additional assumption 
that 

(8) V> _1 (0) = {0}, where V(A) := ifi(X) - 4<^ 2 (A), A e P. 

Note that ip is a bounded holomorphic function. We may write tp(X) = X k tp(X), 
Ael, where (/; : D n C is a bounded holomorphic function and ifj(\) ^ 0, A e 1. 
Then, in view of the description of G 2 as in (1). 



Vl (X 2 ) + X k J^~) 



< 2, A e 



where the root taken above is chosen arbitrarily so that the function B defined 

B{\) := , A e B, 

is holomorphic on B. Note that £>(0) = and \B\ < 1 on B. Then we may write 

X k ^JtP(X 2 ) = 25(A) - ^i(A 2 ), A e B. 
Taking the square in the last equality we get 

V>(A 2 ) = A 2fc -0(A 2 ) = 4B 2 (A) - 4B(A)^!(A 2 ) + ^ 2 (A 2 ), A e B. 
Consequently, 

(9) B(A)(p!(A 2 ) - B 2 (A) = ^ 2 (A 2 ), A e B. 

It follows from (9) that for any A e B 

i?(A)^(A 2 ) - B 2 (X) = ^ 2 (A 2 ) = B(-X) Vl {X 2 ) - B 2 (-A), A e B, 



or 

(B(X) - B(-A))(^(A 2 ) - (B(X) + B(-X))) = 0, A e B. 
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In view of the identity principle for holomorphic functions two cases are possible: 
Case (I). B(X) = B(-X), Ael. 
Case (II). <^i(A 2 ) = B(X) + B(-\), Aei. 

In Case (I) we easily get the existence of a function B\ £ 0(D,D) such that 

Si(A 2 ) = B(A) = gil^lH^VS ^ AeD. Taking the other holomorphic branch in 
the formula for B\ we may define analogously the function B 2 £ (D, D) such that 

(10) V = 7ro(S 1 ,B 2 ). 

Then it follows from our earlier considerations that there is some F £ 0(G 2 ,D) 
such that F(0, 0) = and |F(</j(A))| = |A|, where F is as in (6) or (7). If F is as in 
(6) then, in view of the Schwarz Lemma, 

\F(n(B 1 (X),B 2 (X)))\ = | J B 1 (A)||B 2 (A)| < |A| 2 , AeD 

- contradiction. 

In the second case there is some r £ <9D such that 

2B 1 (X)B 2 (X) - cjjB^X) + B 2 (X)) _ 

2-o>(B 1 (A)+2? 2 (A)) " ' ' 

so 2B 1 (X)B 2 (X) - w(Bi(A) + B 2 (X)) = 2rA - tXu)(Bi(X) + B 2 (X)), Ael. Differ- 
entiating at we get (recall that -Bi(O) = B 2 (0) = 0) 

-w(BJ(0) + B£(0)) = 2t. 



The last equality together with the Schwarz inequality applied to B\ and B 2 shows 
that Si (A) = -OjtX = B 2 (X), A e D, so ip(X) = (-2ljtX, lu 2 t 2 X 2 ), X £ D, which 
shows that (p is as in (4) (and contradicts (8)), which finishes the proof in this case. 
In Case (II) we easily get that 

pi(A) = B{V\) + B(-V\), Ael. 

Then in view of (9) we get that 

p 2 (A) = B(V\)B{-VX), AeD. 



Therefore, we are left with the proof of the fact that B is a Blaschke product of 
degree less than or equal to 2. 

Let (s ,p Q ) = n(ti,t 2 ) = n(t 2 ,h), where ti,i 2 £ D. Let (p{u 2 ) = (s ,po)- The 
assumption that ip is a fc^-geodesic for ((0, 0), (so,Po)) leads us to the following 
observation: B(a) = t\, B(—o) = t 2 (or vice versa, which, however, may be dealt 
analogously). Moreover, the function B is extremal in the following sense: B £ 
0(1D, ED), B(0) — 0, B(a) = t\, B(a 2 ) = t 2 and there is no holomorphic function 
/ : © i — > C such that /(D) CC D and /(0) = 0, f(a) = t u f(-a) = t 2 ). Therefore, 
(see e.g. [Edi 1]) B must be a Blaschke product of degree smaller than or equal to 
two. So the implication ((2) => (3)) (under the assumption (8)) is finished. 

Now we show that the assumption that ip is a kc 2 -geodesic and the inequality 
V> -1 (0) ^ {0} implies that ip(X) = (2rA,r 2 A 2 ), AeD, for some r £ dB. In fact, 
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assume that ^>(Ao) = for some A G B \ {0}. Consequently, <£ 2 (Ao) = 4< f 5 2 (Ao). It 
follows from our considerations that ip must be a complex geodesic and that there 
is an F e 0(G2,B) such that F o ip is a rotation, where F is as in (6) or (7). In 
the first case |<^ 2 (A)| = |A|, A e D. But because of the Schwarz Lemma we have 
l^i (A) | < 4|A| 2 , which together with the equality |Vi(Ao)| = 4|^ 2 (A )| = 4|A | gives 
the contradiction. So assume that there are w,t£ <9B such that 

(12) rA = 2ya (A) -^ (A) . 

Then we get the following equality (substitute A = Aq in (12)) 

Pi(A ) + 2(^i(Ao)(wtA - w) - 4tA = 0. 

Solving the above equality with respect to yi(Ao) (note that |(^ 1 (A )| < 2) we get 
that <p(Ao) = — 2cjtAo. Applying the Schwarz Lemma to p\ : D 2i we get 
that <pi(X) = —2ljtX, A g B. Substituting this formula in (12) it follows that 
V?2(A) = (D 2 t 2 A 2 , A g B, which shows that p is as in (4). 

To finish the proof of the theorem it is sufficient to show the uniqueness. Let 
ip be a fcG 2 -geodesic for ((0, 0), (so>Po)) an d <p{o~ 2 ) = (s,p) = it(ti,t?). Then 92 is 
given by some Blaschke product of degree less than or equal to two. Moreover, the 
Blaschke product is such that 5(0) = and, without loss of generality, B(<r) = ti, 
B(—cr) = i 2 - But the values at three points (0, a and —a) determine uniquely such 
Blaschke products. This completes the proof of the uniqueness and the proof of the 
whole theorem. □ 

Remark. Note that in the proof of Theorem 1 we did not make use of the equality 
^g 2 — c g 2 - I n fact, we even showed the equality 

fcc 2 ((0,0), (s ,Po)) = c G2 ((0,0), (s ,Po)) for any (s ,p ) g G 2 . 

Assuming the equality kc 2 — cq 2 from the very beginning we may simplify the 
proof a little. However, without this result our proof is not much longer but much 
more self-contained. 



5. Proof of Theorem 2. In this part of the paper we provide the proof of 
Theorem 2. In contrast to the proof of Theorem 1 we make use of the equality 
ka 2 = C G 2 - In particular, we know that the notions of fcc 2 -geodesics and complex 
geodesies coincide in the symmetrized bidisc. 

Proof of Theorem 2. Note that the composition bp o B, where (3 g D and B is a 
Blaschke product of degree one or two, is a Blaschke product of degree one or two. 
Therefore, in view of Theorem 1 and because of the existence of automorphisms 
B a mapping (0, 0) to an arbitrarily chosen point from S, to prove Theorem 2 it is 
sufficient to study the mappings ip omitting S. 

Since we need this fact, note that we already know that if ip is a complex geodesic 
in G 2 such that 99(B) n 5" ^ then </?(<9B) C tt(9B x <9B). 

To finish the proof of Theorem 2 it is sufficient to show the following equivalence. 

Let f) : 1 h G 2] </?(B) n S = 0. Then ip is a complex geodesic if and only if 
p> = 7r o /, where / = (/1, / 2 ), /1, / 2 € AutB and f\ — f 2 has no root in B. 
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(=>): Let (p be a complex geodesic such that (p(H>) n S = 0. Then there is a 
holomorphic function / : D i— ► D 2 such that /(D) l~l A = and ip = no f. One may 
easily verify that / is fc D 2-geodesic, so it is a complex geodesic in D 2 . It is sufficient 
to show that / = (/i,/2), where /i,/2 £ AutD. Since / is a complex geodesic 
we easily obtain that at least one of its components is from Aut D. Suppose that 
the other component is not from Aut D. Without loss of generality let /i £ Aut D 
and f 2 <£ AutD. Fix a £ (0,1). Then there is a function f 2 £ £>(D,D) such 
that / 2 (0) = / 2 (0), f 2 (a) = f 2 (a) and / 2 (D) CC D. Then (f u f 2 ) is a fc D 2- 
geodesic for (/(0), /(a)) (and consequently, a complex geodesic) and n o (/i, f 2 ) is 
a complex geodesic in G 2 . But /i — f 2 has one root in D (use Hurwitz theorem), so 
(p := no [fi, f 2 ) intersects S, which however contradicts the description of complex 
geodesies passing through S because </5(<9D) (f_ 7r(<9B x <9D). 

(<=): Let ip = n o (fi,f 2 ) be such that fi,f 2 £ AutD and the equation 

(13) /i(A) = / 2 (A) 

has no root for A £ D. Without loss of generality we may assume that /i(A) = A, 
A £ D and / 2 (A) = r^f^, A £ D, where t £ dD and a £ D \ {0}. One may 
easily verify that the nonexistence of roots of the equation (13) is equivalent to the 
inequality 

(14) |l-r|<2|a| 

(see e.g. Lemma 4.2 in [Agl-McCar])). 

We shall prove the existence of a mapping F — £ 0(G 2 ,D), where u> £ dD, 
such that 

(15) lim^m(Fo^(0),Fo^(A)) = 1, 



where m(Ai, A 2 ) 



Ai — Ao 



, Ai, A 2 £ D. The above equality implies that F o ip is 



i-AiA 2 

an automorphism of the unit disk and, consequently, it shows that ip is a complex 
geodesic. 

Elementary calculation show that the limit in (15) equals 



2^ 



|(1 + rati) 2 + t(1 - I a 

2 + 2 Rc(CoTa) ' 

The last expression is smaller than or equal to 

\1 + Tau>\ 2 + 1 - \a\ 2 
2 + 2 Rc(tjra) 

with the equality holding iff ( 1 + 7 ^ a ") > q g u t t nc i as t expression equals 1. So 
we shall finish the proof if we show for any r £ <9D satisfying (14) the existence 
of uo £ <9D such that ( 1+ ^H) > q. It is easy to verify that it is sufficient to 
show the existence of such an Q for r £ 9D satisfying the equality |1 — r| = 2\a\ or 
1 — cost = 2 1 a 1 2 (and then without loss of generality we may assume that sinr > 0). 
So let r = l-2|a| 2 + i v /T _ H 2 2|a|. Define ui := i^l - \o? . Then we may 

easily verify that ( 1+ "l a l) > q, which finishes the proof. □ 
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Remark. Note that a more effective description of automorphisms /i and ji com- 
ing out in the case (ii) is given with he help of the inequality (14). Although the 
condition (14) applies to the situation when /i = id, it gives no restriction on 
generality of the characterization. 

The proof of the equality cg 2 — kc 2 given by Costara in [Cos 2] (unlike the one 
of Agler and Young in [Agl-You 2]) is purely function-theoretic. So all the results 
obtained in the paper may be proven by the function theoretic means. 

Our method led us to an alternate (but certainly equivalent) description of com- 
plex geodesies in the symmetrized bidisc to the one of Agler, Costara, Yeh and 
Young. In particular, our description suggests a possible form of kQ n -geodesies 
(or probably complex geodesies) for G„, n > 3, where G n denotes the higher di- 
mensional analogue of the symmetrized bidisc defined as follows. G„ := 7r„(lD> n ), 
where 

"Vt(Ai, . . • , A„) = (Ai + . . . + A„, Aj-Afc, ... , Ai • . . . • A„), 

l<j<k<n 

Xj e C, j = 1, . .. ,n. Namely, the suggested form of the fc(3„-geodesics passing 
through (0, . . . ,0) (and for our convenience mapping into (0, . . . ,0)) is of the 
following form 

ip(X) = n n o (B(e VX), . . . , B(e„_i A e D, 

where in the definition above B is any Blaschke product of degree less than or equal 
to n, B(0) = 0, \/l = {eo, • • ■ , £ n -i} and the root \/~X is chosen arbitrarily. The 
main obstacle in the possible proof of the fact that these functions are actually ka n - 
geodesics (or even complex geodesies) is the lack of good candidates of functions 
maximalizing the expression in the definition of the Caratheodory distance, which 
would play the role of the functions F u from the two dimensional case. 
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